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1 Introduction 


The purpose of this paper is to show the usefulness of white noise distribution theory for the 
Fermion system via implement ability of Bogoliubov automorphisms. 

First, we explain the Bogoliubov automorphisms. Let iL be a complex vector space with an 
inner product or a symplectic form. Let C/ be a bijection on K preserving the inner product 
or the symplectic form, and commuting with the anti-linear involution on K. We call U a 
Bogoliubov transformation. Bogoliubov transformations yield automorphisms on CAR algebra 
or CCR algebra. (Here CAR stands for “canonical anti-commutation relations”, and CCR 
stands for “canonical commutation relations”. ) These automorphisms are called Bogoliubov 
automorphisms. 

There are many studies on implementability of Bogoliubov automorphisms. For example, 
H. Araki pQ (resp. Matsui and Shimada ^0]) is an study of unitary implementers of Bogoli¬ 
ubov automorphisms for CAR algebra (resp. CCR algebra). The criterion for implementability 
of Bogoliubov automorphisms is well-known as the Hilbert-Schmidt condition. (See Theorem 
13.51 (iii) of this article.) A. Carey and S. Ruijsenaars [Sj is another example of the study on 
unitary implementer of Bogoliubov automorphisms. They deal with Bogoliubov automorphisms 
constructed from the loop group. 

However, it is not enough for us to look for implementers in unitary, or bounded operators. 
Ruijsenaars m deals with Bogoliubov transformations determined by maps from ^(n > 1) 
to unitary matrices. In m, Ruijsenaars shows that these automorphisms are not unitary 
implementable except for the trivial case, that is, almost all Bogoliubov automorphisms violate 
the Hilbert-Schmidt conditions. Therefore Ruijsenaars gives implementers as quadratic forms 
in [TSj . 

Another studies of “extended” implementers are A. Carey and J. Palmer and P. Kristensen 
[H]. Carey and Palmer [2j gives implementers as unbounded linear operators and Kristensen [Hj 
realizes implementers as linear operators on distributions. 

In this paper, we consider Bogoliubov automorphisms determined by one particle represen¬ 
tation of gauge group , SO(2)), n > 1, and we give implementers in terms of the white 

noise distribution theory for the Fermion system. 

Next, we describe the white noise calculus for the Fermion system. Our white noise calculus 
is the theory for (test or generalized) functionals on the infinite dimensional space, for continuous 
linear operators on these functionals. The white noise distribution theory for the Boson system 
was introduced by T. Hida in 1975 and is applied to various fields, for example, stochastic 
differential equations, harmonic analysis on the infinite dimensional space, (infinite dimensional) 
group representation theory, topology, mathematical physics, and so forth. In particular, from 
the viewpoint of the operator theory, the white noise distribution theory has the powerful tool 
called the Fock expansion. The Fock expansion is the series of integral kernel operators for any 
continuous linear operators on the white noise (test or generalized) functionals. For example, 
the Fock expansion is applied to determining the rotation invariant operators on the white noise 
test functionals m, and proving irreducibility of energy representation of gauge group m. 

The white noise calculus for the Fermion system is discussed in m and the author shows 
the Fock expansion for the Fermion system, and as we said at the beginning of this section, 
we show usefulness of the Fock expansion for the Fermion system through the discussion for 
implementability of Bogoliubov automorphisms. 

This paper is organized as follows. In section 2, we review the white noise distribution 
theory for the Fermion system. In section 3, we define Bogoliubov automorphisms and we give 
the criterion for implementability of Bogoliubov automorphisms. This criterion is the main 
theorem of this paper. In section 4, we prove the main theorem of this paper and we obtain 
implementer by direct computation with the help of the Fock expansion for the Fermion system. 
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In section 5, we give examples of Bogoliubov automorphisms and see implement ability of these 
Bogoliubov automorphisms. Here we deal with Bogoliubov automorphisms determined by one 
particle representation of gauge algebra C°°, so{2)), n>l. 

2 White noise distribution theory 

In this section, we review the white noise calculus for the Fermion system. 

Definition 2.1. Let H be a complex Hilbert space with an inner product (•, •)o. Let H be a 
self-adjoint operator defined on a dense domain D{A). Let {Aj}jgN be eigenvalues of A and 
{cjljeN be normalized eigenvectors for {Aj}jgN, i-e., Aej = Xjej , j G N. Moreover, we also 
assume the following two conditions ; 

(i) {ejljgN is a C.O.N.S. of H, 

(ii) Multiplicity of {Aj}jgN is finite and 1 < Ai < A 2 < •.. ^ oo. 

Then we have the following properties. 

(1) For p G R>o and x, y G D{AP), let {x,y)p := {A^x, APy)^. Then (•, ■)p is an inner product 
on D{AP). Moreover, D{AP) is complete with respect to the norm | • \p, that is, the pair 
Ep := {D{AP), I • Ip) is a Hilbert space. 

(2) For q > p > 0, let jp^q : Eg ^ Ep be the inclusion map. Then every inclusion map is 
continuous and has a dense image. Then {Ep,jp^q} is a reduced projective system. 

(3) A standard countable Hilbert space 

E := lim Ep = ^ Ep 
^ p>o 

constructed from the pair (ff, A) is a reflexive Frechet space. We call E a CH-space simply. 

(4) From (3), we have E* = limEp as a topological vector space, i.e. the strong topology on 
E* and the inductive topology on lim E* coincide. 

(5) Let p G R>o and {x,y)-p := {A~Px, A~Py)o. Then (•, ■)-p is an inner product on H. 

(6) For p >0, let E-p be the completion of H with respect to the norm | • |_p. For, g > p > 0, 
we can consider the inclusion map i-q-p '■ E^p E^q, and then {E-p,i-q-p} is an 
inductive system. Moreover, E-p and E* are anti-linear isomorphic and isometric. Thus, 
from (4), we have 

E* = lim E_p = [jE_p. 

p>0 

Furthermore, we require for the operator A that there exists a > 0 such that is a 
Hilbert-Schmidt class operator, namely 

00 

52 := ^ A-2“ < 00. (2.1) 

i=i 

From this condition, E (resp. E*) is a. nuclear space. Thus we can define the 7r-tensor topology 
E E (resp. E* E*) of E (resp. E*). If there is no danger of confusion, we will use the 
notation E ® E (resp. E* ® E*) simply. 
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We denote the canonical bilinear form on E* x E by (•,•). We have the following natural 
relation between the canonical bilinear form on E* x E and the inner product on H : 

{f,9) = {Jf,g)o 

for all f £ H and g £ E. Jf £ H Is the complex conjugate ol f £ H. 

Definition 2.2. Let X be a Hilbert space, or a CH-space. 

(1) Let gi, gn £ X. We define the anti-symmetrization An{gi 0 ■■ ■‘Sign) of giS ■■ - Sgn £ 

as follows. 

An{gi S . .-S gn) ■= gi ^ ■ ^gn ■= —^ ^ sign(<T) 5 (^(l) S ...S g^in), 

cr&6„ 

where &n is the set of all permutations of {1,2,... ,n} and sign(iT) is the signature of 
a £ &n- 

(2) If / G satisfies An{f) = /, then we call / anti-symmetric. We denote the set of all 
anti-symmetric elements of by and we call X^” the n-th anti-symmetric tensor 
of X. If X is a Hilbert space, then An is a projection from to X^'^ . 

(3) Let X be a CH-space. For E £ and a £ 6n, let E^^ be an element of (X®"")* 

satisfying 

{E^,gi S ...Sgn) ■= {F,ga-\i) S ■ ■ • <8)5a-i(n)) > gi ^ X. 

Then we define the anti-symmetrization An{F) as follows. 

An{F) ■= —, sign(o-)F'". 

n! 

(4) If F G (x®"")* satisfies An{F) = F, we call F anti-symmetric. We denote the set of all 
anti-symmetric elements of (X®”)* by (X^”)*. 

From the above discussion, we obtain a Gelfand triple : 

E C H C E*. 


Lemma 2.3. Let H he a Hilbert space. 

(1) Let 

iflS ...S fn,giS .. .Sgn)o ■= (/l,ffl)o • • • {fn,gn) 
for fi, gj £ H, i,j = - Then 

(/. A ... A /.,9i A ... A 9nh = Ldet ((/.,*)„),<,,<„ . 

Moreover An is a projection with respect to (•, ■)o. 

(2) For f £ and g £ we have 


1/AfifL < l/lolfflo- 


Next, we define the Fermion Fock space and the second quantization of a linear operator. 
Definition 2.4. Let F be a Hilbert space and H be a linear operator on F. 
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(1) Let 


r{H) :=\j2^n\ 


n=0 


E' 

n=0 


:= < +00 
0 n=0 


CO CO 


■='^n\{(l)n,'lpn)o 

\n=0 n=0 / 0 n>0 

Then we call T{H) the Fermion Fock space. The Fermion Fock space F(Ff) is a Hilbert 
space with respect to the inner product ((•, •))o- Moreover let 


F+(iL) := J ^ </.2n I Cp2n G \(^2n\l < +00 L 

In=0 n=0 J 

F-(H-) := \ <t>2n+l I </>2n+l G + 1)! |02n+l|o < +00 


vn=0 


n=0 


Then we call T~^{H) (resp. F (H)) the even part of the Fermion Fock space ( resp. the 
odd part of the Fermion Fock space). 

(2) We call 

CO 

T{A) := ^ 

n=0 

the second quantization of A. Let 

F+(H) := F(H)|F+(iL), T-{A) := T{A)\T-{H). 


Definition 2.5. Let iL be a complex Hilbert space and H be a self-adjoint operator on H 
satisfying the conditions (i) and (ii) in lemma 12.11 and 03). Then we can define a CH-space £ 
constructed from (T(H),T(A)) and we obtain a Gelfand triple : 

£ C r{H) C £*. 

Moreover, let T+(resp. T_) be a CH-space constructed from (F+(Ff), F+(H)) (resp. (F“(Ff), F“(H))) 
and we obtain Gelfand triples : 

£+cT+{H)c£X, £. CT-{H) c£*_. 

Then an element of £ (or T_|_, T_) is called a test (white noise) functional and an element of 
T*(or TL) is called a generalized (white noise) functional. 

Corollary 2.6. Let (f> := 4>n G F(Ff), cpn G . Then 4> ^ £ if and only if fn G for 

all n >0. Moreover, it holds that 


UWl ■= l|r(^)^</>||o = '^n\\(l)n\l < Too 

n=0 

for all p >0. We can also show this statement in case of (f> ^ and f G F”(iL). 
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Let H he a. Hilbert space. Then At] = t] A(^ for Ci V ^ H^'^. Thus we can define n > 0 
for all C £ This shows that a pair of Fermions behaves like a Boson. 

In order to discuss integral kernel operators, we define a contraction of tensor product. 

Definition 2.7. Let iL be a complex Hilbert space and ^ be a self-adjoint operator on H 
satisfying the conditions (i) and (ii) in lemma 12.11 and (I 2.11) . Let 

e(i) := (g) ... <8) Ci,, i := (ii,..., ii) e N'. 

(1) For F e (F®('+”"))*, let 

\F\lm-,p,q ■= ^l(^>e(i)(8)e(j))p|e(i)|p|e(j)|g 

ij 

where i and j run the whole N* and N™ respectively. 

(2) For F e (F®('+""))* and g G F®(™+"), we define a left contraction F g e (F®('+’^))* 
of F and g as follows. 

F (g)™ 5 := ^ {F, e(i) <g) e(j)) {g, e(i) (g) e(k))^ e(j) (g) e(k) 

where i, j, and k run the whole N*", N^, and N”' respectively. Similarly, we define a right 
contraction F (g)m g G of F and g as follows. 

F®rag-=^ {F, e(j) (g) e(i)) {g, e(k) (g) e(i))^ e(j) (g) e(k) 

where i, j, and k run the whole N™, N*, and N” respectively. 

Lemma 2.8. For F G (F®('+"^))* and g G F®('+’^), put 

F A^ g := Ai+n{F g), 

F Am g ■— Al-\-n{F ®m S)- 


Then F A”* g and F Am g are elements of and satisfy 

FA^g = {-ir^^+^'>FAmg. 

Thus the left contraction F A"* g coincides with the right contraction F Am g if m is an even 
number. 

Before defining integral kernel operators, we need to mention continuity of linear operators on 
locally convex spaces. 

Lemma 2.9. Let X and Y be locally convex spaces with seminorms {| • \x,q}q&Q and {| • \Y,p}p£P 
respectively. Let C{X,Y) be the set of all continuous linear operators from X to Y. Then a 
linear operator V from X to Y is in V ^ £{X,Y) if and only if, for any p ^ P, there exist 
q G Q and C > Q such that 

\y x\y,p < C\x\x,q, XGX. 

Now we define an integral kernel operator. 
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Proposition 2.10 (Integral kernel operator). Let K G ^ g 

S+, (t)n G let 


OO 

n=0 


(2n + 2m) 

(2^1)! 


! 

-K f\2 m (t^m+ri' 


Then Ei^rnif^) £ ^(<?+,<f+)- Ike call integral kernel operator with a kernel distribution 

K. This integral kernel operator satisfies the following estimation : 




—re log p j l/l2Z,2m;p,-q ll</’llmax{p,g}+r 


for any (/) G <?+. 

Note that the following map 

^^pA2^m+m)y 3 ^ ^ ^ /:(f+,f;) 


is not injective. We define 

(20!(2m)! ^ sign(cJi)sign(c72)K'^, 

cr= (o-i ,0-2 ) e 62; X © 2 m 


where k'^ is defined in definition 12.21 (.1). Put 

{« 6 (£®"+”')' I A,™!-*) = «). 

(“alt” stands for “alternative”.) 

Lemma 2.11. The map 

is injective. Moreover, for k G ((-E^^)®^^^”*^)ait( 2 /, 2 m) ^ ^ 

Sz,m('t) = then I = 1', m = m', and A 2 i, 2 m{fi) = ^2Z,2m(K')- 

Proposition 2.12 (Fock expansion). For any'E ^ C{£j^,£'f), there exists a unique {Ki^rn}Tm= 0 ’ 
ni,m e ((^^^)®^'+”'^)Ilt( 2 Z, 2 m) that 


■^0 — ^ ^ ‘^/,m(z^/,m)0) </* £ (^•^) 

where the right hand side of cm converges in £"f. 

IfE^ C{£^,£^), then 

Ki,m ^ ^ , l,m>0 

and the right hand side of cm converges in <5+. 

Now we remark 

Lemma 2.13. Ei^m{ni,m) £ C{£+,£X) t-s extended to an element of C{T~^(H), £'f) if and only if 
Ki^rn is in (F^( 2 Z))* ^ J^A( 2 m)_ 
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Now we extend results of proposition [2^21 to all elements of C{£,£* ). In order to make the 
white noise calculus for the Fermion system, we mention properties for creation and annihilation 
operators for the Fermion system. 

Definition 2.14 (Creation and annihilation operator). 

(1) For f eE\ let 

a{f) ■.£ 3 ^ = ((/)n)nez>o ^ a{f)^ G 

a(/)</'o = 0, 

a{f)4>n ■■= nAn-iif 01 4>n), n > 1 . 

a{f) is a map from £ to £ and is a continuous map. (Continuity of a{f) is seen in the 
following lemma.) We call a(/) an annihilation operator. 

(2) For f e E*, we define a creation operator a^f) e £{£*,£*) as follows : 

a\f) :£* 3 4>= ((/)n)nez >0 a^(/)</' G £*, 

a\f)4>n ■■= An+iif 0 4>n), n > 0. 

(Continuity of o^(/) is seen in the following lemma.) 

Lemma 2.15. Let 


A{f), if (Z,m) = (1,0) 

a(/), if (/,m) = (0,1). 


and p, q € H, r > 0, and f ^ E*. Then 


\\^d’m)if)4'\\p ^ pj ^^^^T-{q+r),p\\^\\m!i,x{p,q}+r y (j) G £. 

Thus we have the following properties (l)-(3). Let a he +, or a blank. 

(1) aif)\£^ €£{£,,£-.) for fGE*, 

( 2 ) aHf)\£^GC{£^,£.^)forfGE, 

(3) at(/)|^* = a(/)*|£; e £{£;,£*-.) for f G E*, 

Creation and annihilation operators satisfy the following commutation relation, called canonical 
anti-commutation relations. 

Lemma 2.16. For f G E and g G E*, we have 

{aHf),a{g)}(j) = {g,f)4> 

for (j) G £„. (a is +, or a blank. ) Moreover, 

{a\f) + a{J f)f4> = 

for (j) G £a and f G E with (/, f)K = 1- Here Jf G E is the complex conjugate of f G E. 

Put 

n 

dr(A)(") := ^ 

i=l 


for a linear operator A G E{E, E*). 




Lemma 2.17. 


(1) Forf,gGE*, 

we have 



o'if)a'i9)\£+ = ^i,oif Fg), 

(2.3) 


aif)aig)\£+ = Eo^fif Ag). 

(2.4) 

(2) Let if ® g)h := 

- {g, h) f for f, g G E*, and h G E. Then we have 



a\f)aig)\e_^ = Hi,i((l2 0 dF(/ (g) g)^^^)*T) 

(2.5) 


where r G (g) is defined by T{C,r]) := {C,r]) for all f G {E^"^)* and rj G E^'^ . 

Let £ E{£+,£f) be an integral kernel operator with a kernel distribution k and /, g 

be elements of E. Put 

W{f) :=at(/)+a(J/) 

for / G -E satisfying {f,f)K = 1- Note that W(f) is in C(£,£) and £(£*,£*).(See Lemma rOl) 
Then we also call all operators 

integral kernel operators for the sake of convenience. 

Proposition 2.18. Every H G C(£,£*) is realized as a series of integral kernel operators. 
Proof. See Theorem 5.5 of I 

3 Bogoliubov automorphisms and implementability conditions 

We apply the white noise calculus to the representation theory of Bogoliubov transformations. 

We will begin by defining the canonical anti-commutation relations algebra (referred to as 
CAR algebra henceforth). 

Let AT be a Hilbert space and (f,g)K be the inner product of f G K and g G K. Let T 
be an anti-unitary involution on K. Let 21(1^, T) be a C'*-algebra generated by B(f) (/ G K) 
satisfying the following commutation relations : 

{B(f)\B(g)} = if, g)Kl, 5(7)^ = R(r/) 

for any f,gGK. (f is the star operation of C'*-algebra 2l(Ar, T).) We call 2l(Ar, T) the (self-dual) 
CAR algebra. 

We define a positive energy Fock representation of the CAR algebra. 

Let 1} be a self-adjoint operator on K and P be a projection on K commuting with and 
satisfying TPT = 1 — P. Assume that A := \]P has properties (i) and (ii) of definition 12.11 
In order to discuss the positive energy Fock representation of the CAR algebra %{K,T), we 
divide K into the positive energy part P+K and the negative energy part P-K. Let H := P+K 
and 

{f,9)o-=if,9)K, f,9^H 

be the inner product on H. Let J be an anti-linear isomorphism on K commuting with P, i.e., 
J gives a complex structure of H. 
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Definition 3.1. Let vrp^ be the map *-homomorphism vrp from 2l(iL, L) to C{T{H)) satisfying 

TTp^iBif)) := at(P+/) + a(JP+r/) 


for any f £ K. We call 7rp_|_ a positive energy Fock representation of the CAR algebra with 
respect to (See (2.15) of p.) 

Definition 3.2. 


(1) Let U G B{K) be a unitary operator commuting with F. Then we call U a Bogoliubov 
transformation for the pair (iL, F). Then we use 0{K,T) to denote all Bogoliubov trans¬ 
formations. 


(2) Put 

o{K,T) := {X G C{K) \ exp{V^tX) G 0{K,T) for all t G R}. 

Then X G o{K,T) if and only if A G C{K) satisfies X^ = X and FAF = —A, where X^ 
is defined by {X'^f,g)K = {f,Xg)K for all f,gGK. 

(3) o{K,T) is a Lie algebra with respect to •]. Let Ofin(A, F) be the set of all A G o(A, F) 

with finite rank. Ofin(A', F) is a Lie subalgebra of o(A, F). 

(4) Let FI be a CH-space constructed from {H,A). (See Definition 12.51 1 Let 


o{K, F; E) := {X G o{K, F) | X{E © TE) C {E ® FFl)}, 

Ofi„(A, F; E) := o{K, F; E) n Ofi„(A, F). 

Then o{K,r;E) is a subalgebra of o{K,T) and Ofin(A, F;F1) is a subalgebra of Ofin(Al, F). 

(5) Consider a map 

ad(A) :ofi„(A,r) ^Ofi„(A,F), 
ad(A)(y) := [A,y], yGOfi„(A,F). 


Then “ad” is a Lie algebra homomorphism from o{K,T) to £(ofin(A, F)). 

(6) Let y be a finite rank operator on K satisfying Yh = h)Kfi for any h € K. Then 

n 

q{Y) ■.= -J2m)B{Tg.)- 

i=l 

q{Y) does not depend on a choice of /j, gi G K, namely q is well-defined as a map from 
finite rank operators on K to CAR algebra 2l(A, F). (See Theorem 4.4. of ^.) 

(7) g is a Lie algebra homomorphism from Ofin(A, F) to 2t(A, F). “g” stands for “quantization” 
of Lie algebra Ofin(F7, F). Thus qp^ := vrp^ o q is a Lie algebra homomorphism from 
Ofin(A, F) to C{T{H)). In other words, qp_^_ is a Lie algebra representation of Ofin(A, F) on 
the Fermion Fock space T{H). 


Let F be a CH-space constructed from (F(iL),r(A)). We remark that 

Lemma 3.3. We use the same notation ttp^{B{x))) (resp. qp^{X)) to denote the extension of 
'^p+{B{x))) (resp. qp^{X)) toT{H) or £*. 

(1) '^P+{B{x))) is in C{T{H)) for x € K, and ttp^{B{x))) is in C{£,£) and €{£*,£*) for 
X e E® TE. 
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(2) qp_^_{X) is in C{S,T{H)) and C{T{H),S*) for X G T), and qp_^{X) is in C{S,S) 

and £{£*,£*) for X £ o^^{K,T-,E). 

Proof. (1) Trp^{B{x))) G C{£,£) is immediate from Lemma r2.15l and 7rp^{B{x))) G £{£*,£*) is 
immediate from 

'^p+{B{x))) = a\P+x) + {a^{JPprx)\sy 

on £*. Due to (1), we can check (2) easily. I 

Now we give the definition of implementability of Bogoliubov automorphisms at Lie algebraic 
level, that is, 

Definition 3.4. 

(1) Let X G o{K,T;E). We call ad(X) implementable as C{£,£*) if there exists implementer 
Mx G £{£,£*) satisfying 

Mxqp^{Y)(f - qp^{Y)Mx(t> = gp+(ad(X)(y))</- (3.1) 

for all Y G L; E) and </> G f. We denote the left hand side of (I 3.1jl by [Mx,qp+{Y)]. 

(Note that the use of the notation of the commutator [ , ] is only for convenience.) 

(2) Let X G o(iL, r;Ll). We call ad(y) implementable as £{£.,£) if there exists Mx G C{£,£) 
satisfying (I 3.111 for all Y G Ofin(iL, L; LI). 

(3) Let X G o(iL, r). We call ad(y) implementable as C{T{H),£*) if there exists Mx G 
C{T{P[),£*) satisfying (j 3.1j) for all Y G Ofin(iil,L). 

Remark that ad(X) is automatically implementable as C{£, £*) when ad(X) is implementable 
as C{£,£). Moreover, ad(X) is also implementable as £{£,£*) if ad(X) is implementable as 
C{T{H),£*). 

Our purpose of this section is to give necessary and sufficient conditions for existence of Mx 
given in definition 13.41 in terms of X G o{K,T). We now say our result of this section. 

Theorem 3.5. 

(1) Let X G o{K,T-, E). There exists Mx G £{£,£*) satisfying (I 3.1ji for all A G Ofin(Li", L; LI) 
if and only if there exists p > 0 such that 

Y,K^nP+XP-Tentp<^. (3.2) 

nSN 

(2) Let X G o{K,r-, E). There exists Mx G £{£,£) satisfying (j 3.111 for all A G Ofin{K,r-, E) 
if and only if X ^ o{K, T ; E) satisfies 

Y,>^lnP+XP-ren\l<oo (3.3) 

nSN 

for any p > 0. 

(3) Let X G o{K,T). There exists Mx G C{T{H),£*) satisfying (I 3.11) for all A G Ofin(.fi")r) 
if and only if PpXP- is a Hilbert-Schmidt class operator on K, that is, 

Y, \P+XP_ren\l < oo- (3-4) 

nSN 
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In (1), (2), and (3), all Mx are uniquely determined exeept for constant numbers. 

We have some facts that should be noticed before we prove theorem 18.51 
First, we can also show C331 for y G C (g) F) by linearity of g. Now let 

Hi{x, y)z := ^ {(y, x + (x, y - (Fy, Fx - (Fx, z)p^Ty} , 

H 2 {x, y)z := {(x, z)j^ y - {y, x + (Fx, Fy - (Fy, z)j^ Fx} 

for X, y £ K and z € K. Then Hi{x,y), H 2 {x,y) G Ofin(iF,F). If 

Y = ^ {Hi{x, Fy) + V^H 2 {x, Fy)) G C ® Ofi„(iF, F) (3.5) 

for X, y € K, then cm implies 

[Mx,7rp4B{x)B{y))] = TTpjB{Xx)B{y) + B{x)B{Xy)) (3.6) 


for X, y £ K. 

Secondly, we have the following lemma. 

Lemma 3.6. Assume that Mx is a linear operator satisfying cm- Then Mx satisfies 

MxS^cS:, a G {+,-}. 

This lemma is easily checked. Let := Mxls*^ cr G {+,—}. From the above two facts, 
01 ) 1 ) is decomposed into the even part and the odd part, i.e., we have 

[Mx,qp^{A)]\£^ = qp^{sid{X){A))\£^ (3.7) 

for x, y £ K and a G {+,—}. Hence theorem 13.51 are equivalent to the following lemma. 

Lemma 3.7. 

(1) Let X G o{K,T-, E). There exists Mfr G £(To-, T*) satisfying (| 3.7|) for all A G Ofin(7^, T; E) 
if and only if there exists p > 0 sueh that 

Y,K^^\P+XP.Ten\%<^. 

nSN 

(2) Let X G o{K, F; FI). There exists Mx G LiEai^a) satisfying (I 3.71) for all A G Ofin(Fi", F; E) 
if and only if X £ o{K, F; E) satisfies 

^XlP\P+XP.Te^\l<oo 

nSN 


for any p > 0. 

(3) Let X G o{K,T). There exists Mf^ G C{T'^{H),£*) satisfying (I 3.71) for all A G Ofin(7il, F) 
if and only if PpXP- is a Hilbert-Schmidt class operator on K, that is, 

Y, \P+XPMen\l < oo- 

nSN 
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Thirdly, we describe the composition of two integral kernel operators. We define an element 


ol I'-k 
‘^m—k m' 


(KOfc A) of as follows : 


■= ^(K,e(i)®e(j)®e(h)) 

ij.i'j' h 

X (A, e(h) ® e(i') ® e(j')) e(i) ® e(i') ® e(j) ® e(j'), 

where i, j, i', and h run over the whole of N^, and respectively. Then 

we have 


= Yj ^' ( T ) ( A: ) A)). (3.8) 

fc=o A / V / 


for G £{£+,S^) and G £(T+,T+). As for well-definedness of °k A), 

see Definition 2.13 of m- 

Remark 3.8. We have the following equivalent conditions of implementability of ad(A). 

(1) Let X G o(Ar, r;i7). ad(A) is implementable as £{£,£*) if and only if there exists Mx G 
£{£,£*) satisfying 


MxT^p+{B{x))(j) - 'Kp^{B{x))Mx(t) = 7rp+{B{Xx))(j) (3.9) 

for all X G S © TS and cj) € £. 

(2) Let X G o(iL, r;^^). ad(A) is implementable as C{£,£) if and only if there exists Mx G 
£{£,£) satisfying (j 3.9|1 for all x G Li © TLi and 0 G T. 

(3) Let X G o{K,T). ad(A) is implementable as C(T{H),£*) if and only if there exists 
Mx G C{T{H),£*) satisfying (j 3.9|) for all x G A and cj) G r(iL). 

Proof. It suffices to show (1) and (2). (In case of (3) we have only to replace the space E © TE 
in the following proof with K.) Suppose (I 3.9B . Then (I 3.6B follows from direct computation. 
Conversely, we assume (TTBl) and prove (I 3.91) . Let 

:= 27rp^{B{x))Mx7rp4B{x)) - 27rp^(A(x)A(Ax)) 

for X, y G A © TA satisfy Tx = x and \x\k = 1- Then M'^ is independent of the choice of 
X G A © TA. In fact. 


TTp^{B{x))MxTTp+{B{x)) - TTp^{B{x)B{Xx)) 

= 'Kp+{B{x))MxPp+{B{x)) ■ 2 ti p^{B{y)f - 7rp^{B{x)B{Xx)) 

= 2TTp^{B{x)){TTp^{B{x)B{y))Mx 

+ Trp^{B{Xx)B{y)) + Trp^{B{x)B{Xy))}Trp^{B{y)) - vrp^ (A(x)A(Ax)) 

= T^P+{B{y))MxTrp+{B{y)) + TTp^{B{Xy)B{y)), 

= '^P+{B{y))MxPp+{B{y)) - 'Kp^{B{y)B{Xy)). 

for X, y G A © TA satisfying Tx = x, Ty = y and \x\k = \y\K = 1- (The last equation of the 
above calculation is led by (y, Xy)K = 0 for A G o(A, T) and y G A © TA with Ty = y.) From 
the definition of M^, we have 

MxPp+{B{x)) = 7rp_^{B{x))Mx + ttp^{B{Xx)), 

-Kp^{B{x))M'x = MxPp+{B{x)) - 7rp^(A(Ax)) 
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(3.10) 

(3.11) 


for any x G -E © TE satisfying Tx = x and \x\k = 1- (By linearity of B{-), (I If. 101) and (I 
hold for any x G E ®TE.) Thus 

MxTrp+{B{x)B{y)) = Trp^{B{x))MxTrp_^{B{y)) + 7rp^{B{Xx)B{y)), 
T^P+{B{x)B{y))M'x = TTp_^^{B{x))Mx'Pp+{B{y)) - -Kp^{B{Xx)B{y)) 

for all X, y G -E © TEl from (I h.lOll and (I Till) . This implies that M'x satisfies (j Til) . Since Mx 
is uniquely determined except for constant numbers i.e. M'x = Mx + Constant (see Theorem 
13.51) . we have 

[Mx,t^p+{B{x))] = [M'x,t^p+{B{x))1 x^E®TE. 

On the other hand, 


[Mx,B{x)] = {Mxt^p^{B{x)) - pp^{B{x))M'x] + Pp^{B{x))M'x 

- M'x'np+{B{x)) + {M'x'Kp+{B{x)) - -np^{B{x))Mx} 
= t:p^{B{Xx)) - [M'x,pp^{B{x))]+t:p^{B{Xx)). 

Therefore we obtain cm- 


4 Proof of implementability 


Put 


r(x, y)z := (PTy, z)^ Px - (PTx, z)^ Py 


for X, y & K , z £ E. Then, for any x, y £ K, we have 


1 

7Tp+{B{x)B{y))\s+ = EijiXij), 

i,j=0 

where 


Ao,o = (-Prx,Py)Q , 

Ai,o = Px A Py, Ao,i = E’JTx A PJFy, 

Ai,i = (^h © dr(r(x, T. 

Put M^ = Then we have 

[M+,7rp^(E(x)E(y))] 

= ^o,o('^o,i oi Ai,o — Ao,i oi Ki^o) 

OO 

+ ^^’0 (^'S'o o(k«,i oi Ai,o) — (^ + I)*?!) o(Ao,i oi K«+i,o) — ^‘S'o o ^(Ai,i oi R,o)^ 

i=i 

OO 

^ ^ ^0,7n o(^0,?7i+l -^1,0) ) +mS’((,_i?(Ko,mOl Api)) 

m=l 

OO 

+ Y1 o(^/,m+l Ol Al,o) — (^ + l)5'o (n(Ao,l °l K^l+1 ,m) 

l,m=l 

o(«^/,m+l Ol Al,o) - ISo m HAi ,1 Ol ■ (4.1) 
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by using dirHl) . On the other hand, 

T^P^{B{Xx)B(y) + B{x)B{Xy)) 

= Ho,o {{PJVXx.Py) - {PJTx,PJTXy)) 

+ Hi^o (PXx A Py + Px A PXy) + Ho,i (PXx A Py + Px A PXy) 

+ ((I 2 ® dT{T{Xx, y))(2) + I 2 ® dr(r(x, . (4.2) 

Thus (j Th|) implies 

•^^,0 ('S'o o(k«,i oi ^ 1 , 0 ) — {I + l)5'o 0 (^ 0,1 oi ^«+i,o) — ^‘S'o 0 ^(-^ 1,1 °i = 0, (4.3) 

A,m {{m + 1)5')), [](Ko,m+l Ol Ai,o) “ m(Ao,l Oi Ki^rn) + mS^_^ i(K 0 ,m Ol Ai,i)) = 0 (4.4) 
for I, m>2 and 

-^l,m ^(m + 1)5',„ q(^KI jyi^i O]^ Ai^o) (^ T l)‘5*o m(Ao,l 

PmSl^ o(Ki,m+i Ol Ago) - ISq m ^(Api oi k/^^)) = 0 (4.5) 

for / > 1, m > 1, (/, m) / (1,1). 

Lemma 4.1. ki^ = 0, ki^i = 0, Ko,m = 0 and Ki^m = 0 for I > 2 and m>2. 

Proof. (I 4.3|) implies 

0 = ^ {Ki^i,e{i) (g) Ai,o) Ali,o(e(i)) = ^ (^^,1, Alz,o(e(i)) <8) Ai,o) Ali,o(e(i)) 

i i 

for alH > 2 since Ai^o = A e,g, Ao,i = 0, and Ai^i = 0 for x = and y = ep (a < (3). Thus 
we have {Ki^i,Ai^o{e{i)) (g) Ai^o) = 0 for all i G N^, i.e., 

K/,1 = 0 (4.6) 

for all I > 2. On the other hand, (I 4.31) implies 

= 0 (4-7) 

for all / > 2 since Ai^o = 0, Ao,i = Cq, A ep, and Ai^i = 0 for x = Tea and y = Tep. Thus we 
obtain 

= 0 

for alH > 2 by using 031), (THil) . and (TTTI) . In the same manner, we have 


1^0,m — 0 ) ^l,m — 0 

for m > 2 from (mi) . I 

Lemma 4.2. Ki^m = 0 for {l,m) G Z>g satisfying I >2 or m>2. 

Proof. We prove this lemma by induction. We have already shown Ki^m = 0 for m >2. Assume 
R,m, = 0 for m > 2 and we prove Ki+i^m = 0 for m > 2. Since = 0, (I 4.51) implies 

^ Al 2 (z+i)(Ao,i (g) e(i)) (g) ^ 2 m(e(j))) A 2 i{e{i)) (g) ^ 2 m(e(j)) = 0, 

ij 


i.e., 


{Ki+i^rn,A 2 {l+l){{ea ® ep) (g) e(i)) (g) .A 2 m(e(j))) = 0 


for all a, P, i, and j. In fact, Ao,i = Cq, A ey if x = Tea and y = Tep. Thus we have Kipi^rn = 0 
for m> 2. By induction, npm = 0 for I > 1 and m>2. I 
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Now we consider ki^i, and kq,!- We have 


and 


^(Ki,i,e(i) (g) (P+x A P+y))e{i) - dT{T{x,y))^‘^\ifl 

i 

= P+Xx A P+y + P+x A P+Xy (4.8) 

~ y~!(^i,i^(-P+’^rx A P+Jhy) (g) e(i))e(i) + {dT{T{x,y))^‘^^'^ ko,i 

i 

= P+jrXx AP+JFy + Pjrx APJrXy (4.9) 


for X, y G X by using OSl), (Tmi and (TT^ . 

Lemma 4.3. 

Ki_i = (^i2 ® dr(p+xp+)(2)y T. (4.10) 

is in (P^^) (g) (P^^)* if P+XP+ is in £(P, P). Moreover, is in (P^^) (g) (P^^)* i/ 
P+XP+ is Hilbert-Schmidt class operator. 

Proof. We have 

^ (Ki,i,e(i) (g) (x Ay))e(i) = dr(P+XP+)(^)(x A y) 


from (TTHl) when X G P+X and y G P+X. Thus we obtain (TTTUl) . 
implies 


(ir(r(x,y))(^)Kpo = -XAP+Xy 

for X G P+X and y G P_X. Now put x = e„ and y = Ten. Then (I 4.11|) implies 


(4.11) 


^ ^ (^1,0) 6m A Cn) Cm A 6^, — PXTc^ A 

m\m^n 

Thus and ko,i is given by the formula 

^bo = ^ E {P+XP-Tcn) A e„ G (P^2)* , (4.12) 

nSN 

^0,1 = \Y1 {P+JXJP-Ten) A G (4.13) 

nGN 


formally. Hence we can prove the following lemma. 

Lemma 4.4. X G o(X, T) (resp. X G o(X, r;P)j satisfies (| 3.41) (resp. (j 3.21) ) if and only if 
£ (P^^)* and Ko,i G (resp. '^0,i G (P^^)*j. 

Proof. Suppose (I 3.41) (resp. (I 3.2j) i. Then, since 

^ |P+XP_re„|2|e„|2 < 1 ^ A2^’|P+XP_re„|2 

nSN nSN 


for p = 0 (resp. some p > 0), we have ki^q £ (P^^)* and Atop £ X^^(resp. ^ 0,1 £ (P^^)*). 
Next, assume ki^ G (P^^)* and Atop G X^^(resp. Ati^O; «^op £ (P^^)*). Then 


^ P+XP_re„ ® e„ G X®2 

neN 
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follows from definition of .{lesp. 

^ P+XP_ren(^en G {E^^y 

nSN 

follows from definition of .) Therefore (j 3.4jl (resp. (| 8.2|1 '1 holds. I 

From lemma ESI and lOl we obtain lemma EH for the case cr = +. Let us prove lemma 
EH for the case a = —. 

Lemma 4.5. Let f € P[ = P+K and w{f) : K ^ K he a linear operator defined by 

w{f)x-.= x-{{l + T)f,x)j^{l + T)f, x€K. 

(1) w{fy = 1 and w{fY = w{f), that is, w{f) is a unitary operator on K. Moreover w{f) 
commutes with F. Therefore w{f) G 0{K,T). 

(2) Let f € E satisfy (/, f)K = 1- Then we have 

W{f)qp^{Y)W{f) = qp^{Y{2w{f) - 1)) 

for allY £ Ofin(iL,F). 

Proof. (1) follows from direct computation. 

(2) Note that 

W{f) := at(/) +a(J/) = ttp^BUI+T) f)) 
follows W{fy = 1 from Lemma ESI and 

[q{Y),B{x)]=B{Yf) 

holds for all X G iL and Y G Ofin(iF,F) on K. (See Theorem 4.4 (6) of Q].) From the above 
note, we have 

W{f)qp^{Y)W{f) = qp^Y) - 7rp4B{Y{l + T)f)B{{l + F)/)). 

Now, 

q{Y{w{f) - 1)) = -^B{Y{1 + T)f)B{{l + F)/) 
holds. This is the quantization of the following finite rank operator : 

Y{w{f) - l)x = -((1 + F)/, x)KYil + F)/, xeK. 

Therefore 

W{f)qp4Y)W{f) = qp^Y) + 2qpjY{w{f) - 1)) = qp^{Y{2w{f) - 1)). 

I 

Let G £(F_(Ff),TL) satisfy (I 5.711 on S-. Note that 

W{f)M-W{f) £ C{r+{H),Sl) 

and 

W{f)qp4Y)W{f)\s^=qp4Y{2w{f)-l))\£^£CiSp,T+{H)). 


17 




Then the restriction of OH) to £- leads us to 


[W{f)M^W{f),qp^{Y{2w{f) - 1))] = qp^{[X,Y]{2w{f) - 1)) (4.14) 

for all Y G Ofin(iir, T) on T+. Put 

CXD 

W{f)M^W{f) = 

l^m=0 

(I 4.141) implies 

CO 

Y ^i,m{i^i,m),T^P+(^B{x)B{{2w{f) - l)y) - B{y)B{{2w{f) - l)x)^ 

_l,m=0 

= TTp^ (^B{Xf)B{{2w{f) - l)y) - B{Xy)B{{2w{f) - l)y) 

+ B{x)B{{2w{f) - l)Xy) - B{y)B{{2w{f) - l)Xx)) 

for all X, y € K on when Y G is given by (| 3.51) . Therefore we can obtain 

P'l,m — 0 

for all {l,m) satisfying I > 2 or m > 2. Moreover 

<50 o(^i,i °i -^i,o) “ 'S’d °i ^i,o) = -^ 1 , 0 ) (4-15) 

—5q oi Ki^i) + 5 q '((kq,! oi ^i,i) = ^o,i> (4-16) 

'S’d oi “ <50 oi ^i,i) = -^1,1) (4-17) 

where 


2A'i,o := P+x A P+{2w{f) - l)y + P+{2w{f) - l)x A P+y, 

2A'o,i := P+JFx A P+Jr(2u;(/) - l)y + P+jr(2u;(/) - l)x A P+JTy, 

2A;,i := (l 2 ® dr[r(x, {2w{f) - l)y) + T{{2w{f) - l)x, 

2A"o := P+Xx A P+{2w{f) - l)y + P+{2w{f) - l)Xx A P+y 
+P+X A P+{2w{f) - l)Xy + P+{2w{f) - l)x A P+Xy, 

2Ao^i := P+JFXx A P+Jr(2u;(/) - l)y + P+JF{2w{f ) - l)Xx A P+JFy 
YP+JFx A P+Jr(2u;(/) - l)Xy + P+jr(2u;(/) - l)x A P+JFXy, 

2A" 1 := (l 2 ® [r(Xx, i2w{f) - l)y) + T{{2w{f) - l))Xx, y) 

+r(x, {2w{f) - l)Xy) + T{{2w{f) - l)x, Xy)](2))V. 

Lemma 4.6. ITe denote the orthogonal complement o/span[{/, T/}] with respect to the Hilbert 
space {K,{-,-)k) 6y span[{/, T/}]-^. 

(1) w{f)x = x for xe span[{/, Ff }]-^. 

(2) Jx G span[{/, r/}]-L for x G span[{/, r/}]-^. 

(3) T(x, y) = 0 and T{Fx,Fy) = 0 for x, y e H = P+K. 

Lemma Ei is easily checked. 
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Lemma 4.7. 


Ki,i = (l2®dr(P+«;(/)X«;(/)P+)(2)j r. (4.18) 

Proof. Put X := TJx', y := TJy' for x', y' e H H span[{/, P/}]-*-. Then (I 4.15|) and Lemma IHH 
imply 

^ (ki,i, e(i) (g) (x' A y)) e(i) = dT{P+w{f)Xw{f)P+)^'^\x' A y). 

i 

In the same manner, put x := PJx' for x' £ H D span[{/, P/}]-*- and y = f, then we have 
^ e(i) (g) (x' A /)> e(i) = dT{P+w{f)Xw{f)P+)^'^\x’ A /). 

i 

Thus Ki^i is given by (I 4.181) . I 

Lemma 4.8. Let X G o{K,T) (resp. X G o{K,r; E)) satisfy (j 8.4jl (resp. (j 8.2j) ). Then 

Ki,o = A ei + i ^ P+w{ei)Xw{ei)P-ren Aen, (4.19) 

neN\{l} 

1 ^ 0,1 = ^P+JXJei Aei + ^ ^ P+Jt(;(ei)Xrt;(ei) JP_Pen A Cn (4.20) 

neN\{l} 

and Ki^o S [E^'^Y and ko,i G (resp. ki^, /to,i G [E^Y*)■ 

Proof. If we put x = e^, y = Pe^ (n / 1), then 

A" o = -P+w{ei)XVen A 

from Lemma 14.61 On the other hand, if x = ei and y = Pei, then 

2Ai 0 = P+^&i A (—2ei) + 0 + ei A P+(2u;(ei) — l)XPei + (—ei) A P+XPei 
= —2P+Xei A ei + ei A P+XPei — ei A P+XPei 
= —2P+Xei A ei. 

Thus (j 4.151) implies 

dP(r(en,Pen))^^^Ki,o = P+re(ei)XPen A = P+te(ei)Xu;(ei)Pen A e^. 


i.e. 


for all n 7 ^ 1 and 


^ ^ (^ 1 , 0 ; ^ ^n) ^ 


P+w{ei)Xw{ei)Ten A 


ei A Cm) ei A em = P+'«;(ei)Xr(;(ei)Pei A ei. 

Therefore 

CXD 

^ 1,0 — ^ ^ ^ ^ (^ 1 , 0 ; ^ ^n) ^ 

m=l n\n>m 

= ^P+XeiAei + ^ P+r(;(ei)Xu;(ei)P_Pen A Cn. 

neN\{l} 

In the same manner, we also have (I 4.20(1 . 
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5 One particle and positive energy Fock representation of gauge 
algebra 


In this section, we deal with the one particle and the Fock representation of gauge algebra. 
We discuss possibility of constructing of the Fock representations of gauge algebra via imple- 
mentability of Bogoliubov automorphisms at Lie algebraic level. First, let T := R/Z ~ [0, 27r]. 
(Here we identify 0 with 27r.) 

Let K ;= (8> (8) and F be the anti-linear isomorphism on K satisfying 


F 



fi 

f2 


:= u<Si 


1 0 
0 -1 


f2 


for u G and fi G ^). Here u and fi stand for the natural complex conjugate of u 

and fi respectively. Let 


f) := Iw 




m 


m 




for n = 1 and 


f) := 


—"v/—1 "a • V mlw 

mlN • V 


for n >2. Here m > 0 is mass, and ci, a 2 , ■ ■ ■, cr 2 n-i are self-adjoint NxN matrices representing 
the Euclidean Clifford algebra in and we put 


'a := (cri,cr 2 ,...,(T 2 n-l), V := {di,d 2 ,...,d 2 n-l)- 


We call [) the Dirac Hamiltonian on K. For example, in case of n = 2, we take 





These Uj are called the Pauli matrices. The Pauli matrices satisfy 

A = 1, O-jCTj = -(TjCTi {i / j). 


(5.1) 


5.1 The one particle representation of gauge group and gauge algebra 

Let U G C°°{T^^-\SO{N)) and 


niU) 


fi 

f2 


(x) := {U{x) (g) I 2 ) 


hix) 

f2ix) 


X G T 


2n-l 


for fi G (g) ^). Then 7t{U) is a unitary operator on K and tt{U) satisfies 


Ttt{U) = 7r(t/)F, 


that is, Tr{U) is a Bogoliubov transformation on K. (In particular, we deal with the case N = 2 
in the following subsections.) 

Let G C'“(T2 »^-i,R) and 


/ cos(A(/9(x)) — sin(A(/9(x)) A 
Y sin(Av?(x)) cos(A(/9(x)) J 


for A G R. Then Ux is an element of SO{2)) and 7r{Ux) is a Bogoliubov transforma¬ 

tion on K. 
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The infinitesimal generator of the one parameter unitary group {t/A}AeR is 

X{x) := -(p{x)a2. 

We define 

( A ) 

for fi G (8) Then tt is a Lie algebra homomorphism from so(2)) to 

o{K,T). We call tt the one particle representation of so(2)). 

The aim of this section is to give criterion of constructing the representation of gauge algebra 
on the positive energy Fermion Fock spaces. 


(x) := {X{x) (g) I 2 ) 


Mx) 

f2{x) 


5.2 The case of massive (m > 0) and n = 1 


First, we give the projection on K in order to discuss the possibility of constructing the 
positive energy Fock representation of gauge algebra. Let 


where 


X : = 


dry .- 


daa 

(7 d—fT( 


ex' 


p(A/^ax), a G {+, —}, a G Z, 


1 


7 : 1 + 


a 




a) 


E{a) := + m?. 


Lemma 5.1. (/>„ is an eigenvector for f) with an eigenvalue ay^Eia). 
Proof. Let a = +. Then 


— + md-ae'^°‘^ = \ a + 

dx \ 


m\ 


yjE{a) — a 


a / Eigyf Oi 

2 \ 


dryC 


V—lo 


— Q; + 


m 


■\JE(^cx^ cx ^ 




In the same manner, we have 


dx 


That is, 




rz\ A ) 

V J- dz 


The case of ct = — can be considered similarly. 
Now let be a C.O.N.S. of C^. Then 


{ss <8> </>Q I a G Z, s G {1, 2,... , N}, a G {+, —}} 
is a C.O.N.S. of K :=C^ 0 L‘^{T) ® C^. 

Let P+(resp. P_) be a spectral projection of t) for positive spectrum [m,oo) (resp. negative 
spectrum (— 00 ,—m]). Then 

{e^ (g) I a G Z, s G {1, 2,... , iV}} 
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is a C.O.N.S. of P^K. Let N = 2 and put a C.O.N.S. of as follows: 


e+ 




\/2 V 1 y ’ 

Then the C.O.N.S. {eg ^ (f)^ \ a ^ Z, s,a G {+, —}} satisfies 

r(e^ (g) 0+) = e-s (g) (/'Iq,. 


This shows P+T = rP_. 

We check the criterion of implementability by using the result of section 3. In order to use 
the white noise calculus, we need a Hilbert space H and a self adjoint operator H on P satisfying 
the two conditions (i) and (ii) of Definition O Let H := P+K. If m > 1, then A := f)P+. If 
0 < m < 1, then we put H := (1) + cP+ — cP_)P+ for some c > 1. To simplify discussion, we 
assume m > 1. 

A complex structure of H is given by the following anti-linear isomorphism J on iL : 


J u 


h 

f2 


:= u ( 


0 1 
1 0 


h 

/2 


for u G and /* G Here u and ft stand for the natural complex conjugate of u 

and fi respectively. In fact, J commutes with P+. Let E be the CH-space determined by the 
pair (H,A). We have the following relation between the canonical bilinear form {■,■) oi E* x E 
and the inner product of H: 


{f,9) = {Jf,9)o, fGH,gGE. 

The following lemma is easily checked by direct computation. 

Lemma 5.2. 

(e+ (g) (?!)+, P+7r(X)P_r(e_ (g) (j)p))K = [dadfs - d-ad-fj)(p{a + /?), 

(e+ (g) (/)+, P+7r(X)P_r(e+ (g) (t)^))K = (e- (g </)„ , P+7r(A)P_r(e_ (g) 4>^))k = 0 

where (p is the Fourier co-efficient of p. 

Therefore, we have 

Proposition 5.3. 

(1) ad(A) is implementable as that is, P+7r(X)P_ is a Hilbert-Schmidt class 

operator. 

(2) For any p>\, we have 

Y, E{aY\P+ffiX)P.T{es ® = +oo, 

aez,se{-i-,-} 

that is, ad(A) is not implementable as £{£,£). 
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Proof. (1) From lemma E21 we have 


+ M2 


^ E{ay\P+7r{X)P.T{es^^^j,p 
«ez, se{+,-} 

E E \iet0cf+, P+7r{X)P.r{es0<Pt))K\^ 

qGZ, sG{+,—} 

76 Z QfSZ 


1 - 


a{a — 7) 


m 


yj E{a)E{'y — a) yj E{a)E{'y — a) 


(5.2) 


for any p G R. We prove that the right hand side of CS21) is finite for any 0 < p < Put 


iV„:= W <!!+(- 



7 \ /m 


a/ \ a / \ V a/ Va. 


Then 


2\2 


-r , , 9 E{a)E{^ — a) — (aia — ^) + my 

^E(a)E(T-a)-a{a-;)-n?= )’\l ' ^ 

y E[a)E['y — a) + a{a — 7 ) + m^ 


2 2-2 
= m j a . 

If |a| is larger than ao := max{| 7 | + l,m}, then satisfies 

^ <Na< 7 


I7I + 1 


In fact, 


Nr. > 




(1 + 07 ^ 1 - 


+ 1 


+ 02 I + 1 - 


I7I + 1 


+ 02 > 


ItI +1 


and 


Na < ^/(l + 1){(1 + 1)^ + 1} + (1 + 1) + 1 < 7 

for a G Z satisfying |q!| > ao- Then we have 

E{ay~^E{'y — ay~^ {■\/E{a)E{'y — a) — a(a — 7) — m^) 

aSZ;|a|>ao 


< m^|7| 


2u.|2l7l^ ^ 


aSZ;|a|>ao 


= m^|7p 


I7I + 1 


Y, (1 + 


aGZ;|a|>ao 

< 2‘^p-‘^my\y^{\y + 1 ) Y 

aez\{0} 


m 


a 


2\p-2 


1-E +f- 

aJ \ a 


2\p-2 


-4 


23 




















On the other hand 


a(a — 7) 


m 


y E{a)PE{j -afll- , _ ,_ , 

aezlH<ao V V^(a )^(7 -«) y/E{a)E{-f - a) J 

< E{a)E{'y — a){l + 1 + 0) 

agZ;|Q|<Qo 

< C2\y+c\h\+Co, 

where all Ci are polynomials of ao = max{| 7 | + 1 , m}, that is, C' 2 | 7 p + C'i| 7 | +(70 is a polynomial 
of | 7 |. 

Therefore, the right hand side of the following inequality 


^ E{a)P\P+7r{X)P_T{e., 

qGZ,sG{+,—} 


y\l 


\C 2 \y+ Ci\-i\+Co + 2^P + y 

76 Z \ Qez\{o} 


is finite when 0 < p < 


If P > I, the right hand side of (j 5.2|1 does not converge. Because, we have 
E{ay ~2 E{'y — a )^“2 E{a)E{'y — a) — a{a — 7 ) — rn?) 

OL^'L\\ol\'>OLQ 


>\rn^\y y a""-"fl + 


Q:GZ;|ci|>Cio 


m\2\^ 2 // 7\2 : 

1--I + 


a 


a 


a 


>\rny\^ y a"P-"-(l + 0 r^ 


7 

1 


a^2t;\a\>ao 


1 - 


I 7 I 


I 7 I +1 


p-h 


+ 0 


= +' 1 ^ 17,171 + 1 


1 


2p-l 


y a 


,4p-4 


Q:GZ;|a|>ao 

and 5 ]ogZ;|a|>ao not converge for p > |. 

5.3 The case of massless (m = 0) and n = 1 

Let 


y{x) := ^ J ^ exp(V^aa:), (p^x) ^ exp(v/^ax), a e Z\{0} 


and 


Then is an eigenvector for the Dirac Hamiltonian [) with an eigenvalue n. Let 

{e,},=+_ is a C.O.N.S. of Then 

{es (g) I a G Z, a, s € {+, -}} 
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is a C.O.N.S. of K -.= 0^ ® L‘^{T) ® C^, iV = 2. 
Let 


P+K := spanjes 0 </>„, e^, (g) (/>q| a G N, cr, s G {+, -}}, 

P-K := spanjes <8> </>„, (g) 0 q | a G (-N), a, s G {+, -}} 

and P+ (resp. P_) be a projection from PT to P+K (resp. P-K). Then 
r(e^ (g) (f)'^) = e-s <g) r(e 5 0 ^'^) = e-s 0 4>o , 

for a G N. This implies P+T = rP_. 

Let H := P+K and A := (f) + cP+ — cP-)P+ for some c > 1. Then we can define the 
CH-space E by using the pair {H,A). 

Proposition 5.4. 

(1) ad(X) is implementable as C{T{H),S*). 


( 2 ) ad(X) is implementable as JZ{S,S). 

Proof. (1) Since X{x)es = s(p{x)es for s G {+, —}, we have 


(es 


7r{X){et (g) 



ip{x){es,et)c 2 {(fa (a;), (fp {x))c^ 


dx 


Ss,tSa,a'^{a-P), /3gZ\{0}, 

-^ds,t(X(T'lp{a), /3 = 0 , 


for any a G Z\{0} and cr, a', s, t & {+, —}. From direct computation, 

|P+ 7 r(X)P_r|^,s. = 2 |^( 0)|2 + 4 ^ ^|^(« + / 3)|2 

aeNU{0} /3eN 

7-1 

= 2|?{0)|2 + 4 

7GN 0=0 


< 2i?(o)i^ + j E E 7 

7gN 0=0 ' 

= 2|?(o)l^ + i (e a) 

\7eN ' j 




( 2 ) 


P(T) 




( 2 ) 


LpT) 


< +00 


where is the z-th derivative of a function (/?. Here we 


use 


p27r p27r 

/ y>(x) exp(—V—lyxjdx = / exp(—\/^ 7 x)dx. 

Jo V-I 7 Jo 


(2) Recall 

Mx = Hi, 1 (^ 14 ) + Hi,o(ki,o) + So,i(ko,i) + Constant 
and Ki,i (resp. ki,o) is given by (| 4.1()l) (resp. (j 4.121) 1. Thus we have to check ki,i G (P^^) (g) 

(pA2^* ^ 

First, we prove ki,i G {E'^'^)® {E^^)*. If P+ 7 r(X)P+ G C{E,E), then ki,i G (pA2)(g) {E^"^)* . 
Thus it suffices to show P+ 7 r(X)P+ G C{E,E). For p G N, since 

= P+(f) + cP+ - cP_f = 

q=0 ^ ^ a 
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we have 


AP7r{X) 


h 

f2 


p / \ <? 


,i=0 


(v/^) 


q—r 


r=0 


0 

for fi G C'°°(T). Thus we obtain the following estimation ; 


fi 

h 


(;;) 


p 

q=0 


P 


< C 




fl 

f2 


E 

r=0 


< c 


q 

r 




fl 

f2 


0 

= c 




fl 

f2 


fl 

f2 


where is the {q — r)-th derivative of a matrix valued function X and 


C:= sup sup|x('?)(x)|^ y 

0<<?<pxeT ^ \ 9 J 


This estimation shows continuity of a linear operator P+7r(X)P+ with respect to the topology 
of E. 

Next, we prove £ E^'^. 

|«^i,o|p<4y y {a + c)P{/3 + cY\!p{a + P)f 

o6N /36NU{0} 

7-1 

= ^EE (a + cr((7-«) + cn^(7)P 

7GN 0=0 

7-1 

7 GN q :=0 

< 4 y (7 + c)^^+y(7)p. 

7GN 


dr / —1 , dr 

^(7) = y^ ‘p{x)exp{^/^jx)— = f /3j- J (x)exp(\/^7x) — 


Now 

r2TT / 1 \ <? f2n 

for any g G N. This implies that 7i^o|p is finite. In fact, it can be easily seen that 

|2 


y (7 + c)2P+y(7)p 

7GN 


is finite for a sufficient large g G N. 
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5.4 The case of massive (m > 0) and n = 2 

Let 

) exp(V^(a,x)), 

= ( -~A^es ) 

where x G T^, a G Z^, s G {+, —} and {e+, e_} is a C.O.N.S. of C^. Moreover, we put 


Arv : = 






a, 




G Mat(2,C), 


where ai, cj 2 , cjs are the Pauli matrices and E{a) := jap + (See (I 5.1l) .i Since 1 + 

—pi=aj is positive, we can define the square root of 1 + is 

j V E(a) J y E(a) 

well-defined. 


Lemma 5.5. Let 


<F •= 

“a • 


1 ( ^ |q:| 

— I 1 “1“ cr — , 

2 I 


1 ( 3 

1 / Otj 

f>« 5 P + E 


for a G Z^\{0} and a G {-(-, —}. Then 

(1) Pa is a projection and 1 — pa = P-a- 

(2) Aa= dfjPa + d~{l-pa)- 

Proof. (1) follows from direct computation. 

(2) From direct computation, we have 

= (difPa + (0^(1 - Pa)- 


Thus 


A. 


= \l{dt)'^Pa + (d«)^(l -Pa) = d'^Pa + (1 -Pa)- 


Lemma 5.6. cja^ is an eigenvector for the Dirac operator with an eigenvalue a\/E{a). 
Proof. From 


and Lemma EB we have 


^ ^ ^3 I Paa — * 7101^0 

vi=i 


j ^a = \a\{d'^Pa - daP-a)- 
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Thus 


Here we use 


and 


-^E 

i=i 

y~] Aa + mA^a 1 eg ■ 


vi=i 


= {{\a\d'^ + md^)pa + {-\c(\da + md'^)}es ■ 

= ^/Ei^A^es ■ 

lairfj + me = (|a| + * 


— a + 


m 


■\JE{ot^ -|- IQ;| 


dt 


= ^/E{a)d'^ 


-\a\d^ + md'^ = -|a| + 


m\ 


-\J Ei^od) + | q !| 
\jE{a) — |a| 
,2 \ 


m 


= - a 


\J E{a) — \a\ 


d„ 


= yjE{a)d^. 


In addition, we also have 


m 


= y^^A.^Cg • 

i=i 


This shows that is an eigenvector for the Dirac Hamiltonian 1) with an eigenvalue y^E{a). 
In the same manner, we can prove that <p~ ^ is an eigenvector for the Dirac Hamiltonian t) with 
an eigenvalne —\jE{a). I 

Moreover, 

{^a,s I G Z^, s, cr G {+, —}} 
is a C.O.N.S. of = C2 ® l2(t3) 0 C^. 

Assume m > 1 (to avoid the complexity) and let P+(resp. P-) be a spectral projection of 1) 
for the positive spectrnm [m,oo) (resp. negative spectrum (—oo,—m]). Since Tepp^g = (p^^s 
a G and s G {+, —}, Pa satisfies P+T = rP_. 

Let H := P+K and A := f)P+, and let E be the CH-space constructed from the pair (H, A). 

Proposition 5.7. 

(1) ad(A) is not implementable as C{r{H),S*), i.e., |P+7r(A)P_r|H.s. = +oo. 

(2) ad(A) is implementable as C{S,S*). 
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We verify the following lemma before proving Proposition 15.71 
Lemma 5.8. 

(1) Let L : ^ be defined by 

t(ai, 02, as) :=(—«!, 02,—as), Oj G Z. 


Then 


(acs, (A(-q)^/ 3 - A(a)^-/3) et)^2 (p{a + (5). 


(2) equals 

2(d+d^ - d~d^){p,(^_a)Pi3 - P,{a)P-i3) + 2(d+d^ - d~dp{p,(^_a,)P-0 - p,{a)Pp) 

(3) Put 


e+ := 


1^1 


e_ := 


/-y=iV 


\/2 V 1 / ’ ' \/2 V 1 / 


(In fact, {eo-}cre{+,-} *5 ® C.O.N.S. ofCfi.) Then 

(®+, {PL{—a)Pp Pt(a)P—/3)6 +)q2 2 ^ 

(e- (R(-«)PS - R(«)P-rfe+)o. = H (r + f| ) - (r + ^ 


’a2 h 
|a| |/3|;’ 


(4) It holds that 


{dtdi-d-d-pf = -[i- 


m 


+ 


a 


^E{a)E{(5) ^E{a)E{f3) / ’ 


m 


(4d^-d-4)2 = -(^l- 

(d+dj - d“dp(d+d^ - d-d+) = m 


a 


^E{a)E{P) ^E{a)E{(5)) ’ 

" 1 1 \ 




Proof. (1) can be shown with the help of a 2 Pa = Pi(a)(^ 2 - (2) follows from = dj^. (3) is 
proved by using 


(Tie+ — V—Ic-, <726+ — —e+, (Tse+ — —e_ 

iTie_ = V—Ic-, cT2e_ = e_, crse_ = —e+ 


and 


PL(-a)Pp - PL(a)P-l 3 


= 2 


ai 

|a| |/3| 


a2 


/32 


a 


l/3| 


“ TT “ TRT N'S + TT + TRT ^3 


as 


A 


a 


l/3| 


(4) holds by direct computation. 


29 














Proof of Provosition \h.7\ Proposition 15.71 (2) is obvious. Thus we prove Proposition EIZI (1). We 
have 


(<+,P+7r(X)P_r</.+ +) 


= 8|^(a + /3)|2 1- 


K 


m 


^/E{a)E{l3) 


(4>l-.P+<X)P-Tct>l+) ^ 

\ ^ aiPi — a2P2 + oi-sPs \ 

VWW) j 


and hence 

|P+7r(X)P_r|^.S, 

= 16 X] l^(“ + /^)l^ I ( 1 


m 


16 W{l)? X] 

^ez3 qszs I 


^E{a)E{f3) 

1 


+ 


aij3i — a2P2 + as/la 
^E{a)E{P) 


E{a)E{'y — a) V V / ’ V 7 


m 


7GZ3 aGZ3 

(Remark i{a), j — a € R^.) Now we have the following estimation: 

1 


m 
— a 


R4 


iez3 I 


m 


^E(a)E(P) VV ''(a) J \7- 


m 


a 


£ E 

aSZ3;t(a)=a 


1 - 


m 

a 


m 

7 — a 


R4 


R4 


f m \ 


f m \ 


\ « ) 

R4 

V 7-a y 

R4 


> = + 00 . 


In fact, if |a| —> oo, then the angle of two vectors (m,a) G and (m ,7 — a) G R"^ converges 
to TT, that is, 


m 

a 


m 

7-« 7/^4 


f m \ 


f m \ 


V « ) 

R4 

V 7 - a y 

R4 


- 1 . 


Thus P+7r(X)P_r is not a Hilbert-Schmidt class operator. 

5.5 The case of massless (m = 0) and n = 2 

Let 

jAfyCa 






ex' 


;p(\/^(q;,x)). 


Pa,s(.^) = ( -A^es ) 


es 

\/2 \ 


where x G T^, a G Z^\{0}, s G {+, —} and 


e+ := 


1^1 


e_ := 




\/2V 1 + ■■ v/2V 1 t 
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Moreover, we put 


:= 




H'*sM 


G Mat(2,C), 


where cJi, <72, (T 3 are the Pauli matrices. Then (f>^ ^ is an eigenvector for the Dirac operator f) with 
an eigenvalue a\n\ and {(t>a,s I “ G Z^, s, a G {+, —}} is a C.O.N.S. oi K = ® L^(T^) (g) C^. 

In addition, is a projection and satisfies AaA^a = 0. 

Let 


P+K := span{(/)+^, J n G Z\{0},s G {+, -}}, 

P_K ;= span{(/)“^, | n G Z\{0},s G {+,-}} 

and P+ (resp. P_) be a projection from K to P+K (resp. P^K). Then = (p-as^ is, 

rp+ = p_r. 

Let H ;= P+K and A := [\) + cP+ — cP-)P+ for some c > 1. Then we can define the 
CH-space E from the pair (P[,A). 

Proposition 5.9. 

(1) ad(X) is not implementable as C{T{H)^£*), i.e., |P+7r(X)P_r|H.s. = + 00 . 

( 2 ) ad(X) is implementable as C{£,£*). 

Proof. It suffices to show (1). We have 


!(</>+„ P+7r(X)P_r</>+ 

•5,£G{H-, — } 


K 


I RW'i (-\ I “lA “ “2/^2 + a3/33\ 

= 16 I (/?(« + / 3 ) I (1 +--) 


a 


“I6|^(" + ^)l'{l+(^’||) 


R3 


for a, (3 € Z^\{0}. Thus 


E E \{^ts,P+<X)P_Tcfl^ 

a,/3ez3 s,te{+,—} 


K 


> 16 ^ l^(7)P E 

7GZ^ ;q: 7^0,0:7^7, i.(a:) = — Q: 

> 16 E E 

76Z3 Q;6Z3;Q7^0,a^7,i.(Q;)=—a 

2 


> 


16 E E 


1 + 


1 + 


2|a| 


—a 7 — a 

l«l ’ I7 - «!/ R3 


a - a 


«l(|a| + I 7 I) 


76Z3 

= + 00 . 


Q;6Z3;|o|>|7|,t(Q)=—o 


a (a + a 
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